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A simple model is proposed for the evaluation of the primary and secondary
adsorption and desorption processes for hysteresis-dependent sorption systems. The
model is based on the use of pore blocking interpretation of hysteresis in an inter-
connected network of pores. The model is simple to use and requires only the primary
adsorption and primary desorption isotherms to predict all secondary desorption
and adsorption isotherms. A complete set of equilibrium adsorption-desorption
curves covering the hysteresis loop (appearing in the range of relative pressure 0.3-
0.7) was measured for water vapor on silica gel at 25°C. The usefulness of the
model is supported by its agreement with experimental data.

Introduction

Adsorption is used increasingly in separation and purifi-
cation processes. These processes are either transient or cyclic
in which the sorbents are regenerated by desorption. For gas-
phase applications, the pressure swing adsorption (PSA) proc-
ess has become a major unit operation in the chemical process
industry (Yang, 1987). During desorption, as the relative vapor
pressure is reduced, systems in which capillary condensation
occurs in the sorbents often show hysteresis, in that at some
particular relative vapor pressure more gas remains adsorbed
during desorption than was adsorbed during the initial ad-
sorption process. Although hysteresis is a pervasive phenom-
enon, it has not been considered in the literature in the modeling
and design of cyclic adsorption-desorption processes. It, how-
ever, has been considered in the study of once-through fixed-
bed desorption by Ritter and Yang (1991) where significant
effects caused by hysteresis were shown in the bed dynamics.
This study is intended as the first effort to incorporate hys-
teresis into the modeling of cyclic fixed-bed adsorption-de-
sorption processes.

The best known system in which hysteresis occurs is silica
gel-water vapor. Silica gel is the most important sorbent for
drying of air and industrial gases. It exhibits considerable hys-
teresis with many adsorbates including water vapor. Van Bem-
melen first reported hysteresis in the adsorption of water on
silica gel almost 100 years ago (Van Bemmelen, 1897). An
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excellent review of the experimental data on hysteresis, par-
ticularly on the water-silica gel system, is given by Gregg and
Sing (1982). For various silica gels prepared under different
conditions, the hysteresis effects are similar for water sorption
(Rao, 1939; Sing and Madeley, 1954; Mikhail and Schebl, 1970;
Baker and Sing, 1976; Nonaka and Ishizaki, 1977; Naono et
al., 1980; Someshwar and Peshori, 1987).

Many experimental and theoretical studies have been re-
ported on the hysteresis phenomenon (Rao, 1941; Katz, 1949;
Barrer et al., 1956; Everett, 1967; Everett and Haynes, 1972;
Neimark, 1986; Burgess et al., 1989; Pan and Mersmann, 1990;
Rudisill et al., 1992). Of particular interest to this study are
the treatments using statistical mechanical and computational
techniques (Wall and Brown, 1981; Zhdanov et al., 1987; Sea-
ton, 1991; Liu et al., 1993; Yanuka, 1990; and the literature
cited therein).

The modeils which treat the pore system in the sorbent as
an interconnected network and attribute hysteresis to pore
blocking seem to give a reasonable account of most observed
characteristics in hysteresis (Mason, 1982, 1983, 1988; Parlar
and Yortsos, 1988, 1989). These models explain the general
form of the isotherm by the concept of ‘‘pore blocking,’’ where
the emptying of a large pore filled with capillary condensed
liquid is determined by the emptying of its smaller neighbors.
Interpretation of these models requires a considerable amount
of accurate adsorption-desorption data. In particular, accurate
data within the hysteresis loop are necessary, which are scarce
in the literature and are rarely complete and accurate, for the
reason that often a long time (hours) is required to reach each
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equilibrium data point in the hysteresis loop. No complete data
have been reported on the water-silica gel system.

The primary objective of this study was to provide a complete
set of accurate data within the hysteresis loop for the important
system of water vapor/silica gel. The second objective was to
establish a simple theoretical framework for predicting the
equilibrium isotherms within the hysteresis loop.

Theoretical Considerations

The theoretical basis for this study was provided by recent
work of Mason (1988) and Parlar and Yortsos (1988, 1989).
We consider the adsorption-desorption processes in a porous
adsorbent. During the primary adsorption, the porous adsor-
bent initially free of the adsorbate is exposed to a vapor phase
at a low pressure P. Initially the vapor molecules adsorb at
particular sites on the surface of the pores and eventually form
a monolayer. As the pressure is increased, multilayer adsorp-
tion occurs on the pore walls, with the adsorbed layer becoming
thicker. When the condensation pressure is reached and the
multilayer becomes sufficiently thick, the pore fills with the
liquid-like phase. This phase transition is known as capillary
condensation and commences in the finest pores at the point
L={x*, d*}, the lower limiting point of the hysteresis loop,
as shown in Figure 1. As the pressure is progressively increased,
wider and wider pores are filled until the saturation pressure
is reached, where x=1. If the point U= {xY, @V}, that is, the
upper limiting point of the hysteresis loop lies below the sat-
uration pressure of the adsorbate vapor, then it is presumed
that the solid has no pores of radii greater than that corre-
sponding to the closure point. Adsorption beyond this pressure
will be associated with the change of curvature of menisci freely
accessible to the vapor. The corresponding equilibrium curve
is termed primary (boundary) adsorption isotherm.

The primary desorption process is the reversal of the above
and commences upon completion of primary adsorption at
relative pressure x=1. The corresponding equilibrium curve
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Figure 1. Adsorption-desorption hysteresis.

L and U are closure points; / and j are the starting points for
secondary processes; - - - -, primary adsorption; « ¢ ¢ s, sec-
ondary adsorption.
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is termed primary (boundary) desorption isotherm. A char-
acteristic feature of desorption for various sorption systems is
its hysteresis loop, when the adsorbed amount between points
L and U is greater at any given relative pressure x along the
primary desorption curve than along the primary adsorption
curve. This primary desorption loop is reproducible if the
desorption process commences from any point beyond the
upper limiting point U or at least from this point U: x=x".

Secondary (scanning) adsorption process starts from any
point i= {x;, ap;} on the primary desorption isotherm between
points L and U: x* <x;<xY. The secondary adsorption curve
starting from point / will terminate at the upper limiting point
of the hysteresis loop, U.

Similarly, the secondary (scanning) desorption process starts
from any point j = {x;, a,;} on the primary adsorption isotherm
between points L and U: x* <xJ-<xU. The secondary desorption
curve will join both boundary adsorption and boundary de-
sorption curves at their intersection, point L.

In early studies (Rao, 1941; Katz, 1949), another kind of
experimental secondary curves was reported. These curves cross
over the boundary curves before joining their respective lim-
iting point U or L. Neimark (1991) has explained the shape of
two different kinds of scanning curves by the existence of two
particular pore space models. The network of cavities and
constrictions would result in the scanning curves shown in
Figure 1. On the other hand, for the network of channels the
scanning isotherms form closed loops inside the main hysteresis
loop. Experimental data in this work and by A. J. Brown in
1963 (Everett, 1967; Mason, 1988), as well as recent theoretical
work (Mason, 1988; Parlar and Yortsos, 1988; Ball and Evans,
1989), support only the existence of secondary sorption curves
shown in Figure 1, and only these will be considered in this
work. From these results it seems that the same mathematical
function (isotherm) can be used to describe the primary and
secondary desorption curves, which will be the first assumption
in this work. A simple physical reason for the same mathe-
matical form of the isotherm to be followed by primary and
secondary desorption is that both processes undergo the same
pore emptying process.

Higher-order scanning curves can also be obtained experi-
mentally (Everett, 1967), but these are not analyzed in this
work.

Following the “‘pore blocking’’ theory of Mason, a porous
material (adsorbent) consists of a number of pores connected
in a network. This network consists of bonds (pore throats
and windows) and sites (pore bodies and cavities). The indi-
vidual sites are connected via bonds. Three parameters or func-
tions characterize the pore space: the connectivity C, the bond
and site size distribution functions, f(r) and g(r), respectively.
Connectivity is defined as the average number of bonds per
pore. The characteristic dimension of the bond or the site, r,
is related to the filling pressure (for capillary condensation).
In Mason’s treatment, the relative vapor pressure x is related
to r via the macroscopic Kelvin equation for capillary con-
densation:

_ 20V (T) M
"= "RTm (P/P,)

where o is the interfacial tension between liquid and gas, V,
the molar volume of the liquid adsorbate, both being function
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of T, T the absolute temperature, P the vapor pressure, and
P, the saturation vapor pressure. Thus, at any value of relative
pressure x= P/P,, the process may be parametrized uniquely
by a radius r via Eq. 1. Accordingly, the adsorption or de-
sorption process corresponds to an increase or a decrease in
r, respectively. It is worth noting that the geometric radius of
a pore will be the sum of the Kelvin radius and the thickness
of the adsorbed layer at the pore surface, and that the generally
recognized validity for the Kelvin equation is limited to the
mesopore size in the range 1 nm<r<25 nm.

The distribution functions f(r) and g(r) are normalized
functions, such that g (7)dr denotes the probability that a pore
has a site (cavity) radius between r and r+dr, and similarly
f{(r)dris the probability of any bond (window) having a radius
between r and r+dr. The fraction of bonds for which r<r,
and so represents the probability that a capillary meniscus will
not pass through a window is given by:

o= "rirrar @

and the probability that the site or the pore will be filled at
the value of r, set by P/P, is:

q= S "g(r)dr 3

It should be noted that Mason’s pore blocking theory was
developed for the hysteresis (capillary condensation) domain,
and therefore it describes the adsorption-desorption processes
only within the range of relative pressure x* <x=<x. It follows
then g=p=0for x=x*, and g=p =1 for x=x". The advantage
of the probabilities p and ¢ is that they make the derived
functions independent of any particular pore-size distributions
and the analysis is thus general; the details of the size distri-
butions and geometry are all incorporated into the probabilities
p and q.

The adsorption process in the hysteresis domain is repre-
sented by the increase of ¢ from 0 to 1 and desorption process
by the decrease of p from 1 to 0. The probabilities p and ¢
are related through connectivity C using the inequality con-
dition given by Mason (1989):

g=p° (4)

The above relationship was derived from the condition that a
site has its radius greater than or equal to the radius of its
bonds. In fact, it may be shown (Parlar and Yortsos, 1989)
that the additional constraint,

(1-gf=(1-p), )
derived from the condition that the size of a bond is smaller
than its two adjacent sites must also be satisfied. Only the

limiting case of the relationship (Eq. 4),

q=r 6

which considerably simplifies calculations will be used in our
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analysis, as has also been used by others (Mason, 1988; Ball
and Evans, 1989; Parlar and Yortsos, 1988). The inequality
(Eq. 4) is reduced to Eq. 6, if the radius of the site equals that
of the largest bond. Any individual pore will empty at the same
relative pressure at which it fills. All the hysteresis shown by
systems of such pores will thus result from pore-blocking ef-
fects.

For the description of primary and secondary sorption iso-
therms two general variables, @ and S, must be introduced.
The variable a expresses the total measured amounts of ad-
sorption or desorption (the sum of both surface adsorption
and capillary condensation) in the whole range of relative pres-
sures 0<x =<1, whereas the variable S represents the fraction
of pores that are filled by capillary condensation. Mason as-
sumed that there is no correlation between the cavity radius
for filling and the cavity volume. This assumption enables the
number fraction to become the volume fraction. Following
Parlar and Yortsos (1988), we also expect that the capillary
condensation phenomenon dominates the sorption processes
in the range of relative pressure x* <x<xV and exclude sec-
ondary issues of surface adsorption in this domain. Specifi-
cally, the assumption of the dominating role of capillary
condensation in the hysteresis domain requires that the con-
tribution from surface adsorption to the total amount is con-
stant in the range x* <x<x' and is equal to ¢". It has been
shown by Mason (1988) that for the system xenon on Vycor
glass the above assumption is indeed a valid one (Figure 23 in
Mason). Further justification for this assumption for the sys-
tem water vapor-silica gel will be given in the section on Results
and Discussion. Then, the fraction of pores filled, S, is related
to adsorbed amount via the following expression:

S=% for X**<x=xY %)

For the primary adsorption process (the subscript 4 is used
for primary adsorption), the fraction of pores filled by capillary
condensation is

S,=q for X' sx=<x" )

where g is the probability of a pore (site) being filled. It is
noteworthy that neither S, nor a, depends on connectivity C.
On adsorption the network behaves as an assembly of inde-
pendent pores, and pore blocking does not play any role.
For the primary desorption the hysteresis of capillary con-
densed vapor can be explained by pore blocking effects, where
a pore cannot empty until at least one of its neighbors has
emptied. This effect depends in principle on the interconnec-
tions and the interconnectedness of the pore network. The
pore structure model frequently used for the interconnected-
ness is the Bethe tree (Mason, 1988; Parlar and Yortsos, 1988),
which has an advantage in that the description of its behavior
can be expressed analytically. Alternative model structures are
two-dimensional (Parlar and Yortsos, 1988) and three-dimen-
sional crystal lattices (Seaton, 1991). The sorption hysteresis
is a connectivity-related phenomenon. Such phenomena are
naturally described by percolation theory (Broadbent and
Hammersley, 1957). The analysis given here follows those of
Mason (1988) and Parlar and Yortsos (1988) using percolation
theory restricted to a Bethe tree network. Despite the fact that
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the Bethe tree has no reconnections, the general forms of the
percolation-related properties derived from the Bethe tree and
crystal structures (with reconnections) have surprising simi-
larities. The numerical values for thresholds, for example,
differ, but the general behaviors are very similar. In particular,
for desorption it is only the accessibility of the pores that is
important, consequently the behavior of the Bethe tree closely
follows that of lattice structures (Mason, 1988). Moreover,
Mason (1982) also showed that it makes little difference which
structure model is used for the range of connectivity values
between 2.5 and 3.5.

During the primary desorption process, whether a site re-
mains full or empty depends on whether one of its bonds is
connected to the vapor and at the same time can also allow a
capillary meniscus to pass. At some stage during primary de-
sorption, at some value of p, the probability that a bond into
a site is connected to the vapor is v. The fraction of pores
filled during primary desorption, S, (the subscript D is for
primary desorption), at corresponding values of probabilities
p and v, is shown by Mason (1988) as:

Sp=(1- )7V ©
p=(S5—SE~")/(1 - S (10)

Equations 9 and 10 yield the following limiting values: Sp=1
for v=0 and Sp,=p=0 for v=1. Plots of S, against p for
various values of C have been given by Mason (1988).

For the secondary adsorption process (the subscript SA is
for secondary adsorption) starting from any point i on the
boundary desorption curve (see Figure 1), the following simple
expression was derived (Mason, 1988; Parlar and Yortsos,
1988):

e}

Amax — dsa _ 1-

—4g;

an

b

Amax — Q4

where §; is the fraction of pores filled at point i, and g; is the
corresponding probability in which a site is filled at partial
pressure x;. The variables a, and a5, represent adsorbed
amounts on the primary adsorption isotherm and the secondary
adsorption isotherm, respectively, at any point within
x;<x<xY.

In an earlier analysis, Mason (1983) used the assumption
that a,,,=a" for the whole adsorption scanning curve. In a
more recent work (Mason, 1988), he proposed to compute a,,,,
by an empirical equation. For the general case xV#1, this
equation is given as:

A =a"—« In (xY/x) for x=x (12)

where « is an empirical constant evaluated from experiments.

From Eq. 11 it follows that the secondary adsorption curves
join the boundary adsorption curve at the upper closure point
of hysteresis loop U, where ag, =, =@y =ap=a". For the
case @V =a,,. Eq. 11 can be written, using Eqs. 7 and 8, as
follows:

a’—as, a¥—ap
a’-a, a'-ay

13
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The analysis for the secondary desorption process is a more
complicated problem. Pore blocking during desorption is con-
trolled by the pore space connectivity and the bond radius
distribution. For the secondary desorption process starting
from point j on the boundary adsorption isotherm (see Figure
1), Mason (1988) derived the following relationships:

_g1A-u)" — g1 - w)
1-g(l1-u)

p (14)

1-Ssp_1-g(1—w)c"
1-S, 1-p¢

15)

where g;is the corresponding probability at point j and is simply
equal to §; (see Eq. 8). Note that Eqgs. 9 and 10 follow directly
from Eqs. 14 and 15 by taking g;=1. The probability p and
the fraction of pores filled S5, at any point on the secondary
desorption curve in the range x* < x < x; are related to the vari-
able u, which gives the probability that at a particular value
of p an initially filled bond into a site now has an emptied
neighbor and so has a connection to the vapor. It is worth
noting that in the beginning of secondary desorption, for x=x;,
u=0. Equations 14 and 15 are rather involved: to relate them
to a particular partial pressure (x) during secondary desorption,
both bond size distribution f(r) and connectivity C have to
be known. Useful simplifications, however, may be obtained
near point j, the starting point of the jth secondary desorption
isotherm.

Parlar and Yortsos (1988) developed a percolation model
for hysteresis-dependent sorption phenomena and extended
Mason’s (1983) previous work. In contrast to Mason’s model,
Parlar and Yortsos assume a correlation between the site vol-
ume and the site radius. Thus, both pore-size and pore-volume
distributions are incorporated in their model. For the Bethe
lattice they derived expressions that are in agreement with
adsorption as well as primary desorption. The expressions for
secondary desorption curves, however, are different between
the two models. At the onset of secondary desorption (point
J), Parlar and Yortsos (1988) derived for the ratio between the
slopes of the jth secondary desorption and the primary ad-
sorption isotherms the following relationship:

(dS.’SD/dx)x=xj

S TR gle-ve
@Sy/dny., (9

where the superscript ¢ stands for theoretical. In contrast, from
Mason’s results, Eqs. 6, 14 and 15, which are based on a
network of constant-volume sites, we get after several manip-
ulations the different expression:

(ngD/dx)x=xj

@S/, o

The probability g; is identical to the fraction of pores filled,
S;, which can be obtained from experimental data (see Eqs. 7
and 8). Neither connectivity C nor size distribution functions
are needed for Eq. 17. The two different results are caused by
the different assumption used in the two models, as mentioned
above. Equation 17 will be used in this work.
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Figure 2. Equilibrium data for water vapor on silica gel

at 25°C.
o, primary adsorption; e, primary desorption. All primary data
are from Table 1. Data fitting by the LF isotherm (- - - ) and

DA isotherm (s » « ),

Equation 17 can be rewritten using the fraction S defined
in Eq. 7 as follows:

(dafSD/dx)x=xj

(dd,/dx)ss, -4 1s)

For the primary desorption curve, ¢g;=1, we get:

(da/dx) s,

(/a0 @

The theoretical conditions (Egs. 18 and 19) are not com-
pletely fulfilled for real experimental data (the superscript r
stands for real), which is apparent from the shape of experi-
mental primary desorption isotherm, shown in Figure 2. At
the onset of primary desorption we have a, #ap=a" and con-
sequently (dap/dx),.«>0. The nonhorizontal linearity of the
desorption isotherm in this region can be explained by the
decompression of the liquid phase (Mason, 1988; Seaton, 1991).
In the more recent work of Seaton and coworkers (Liu et al.,
1992), however, it was noted that decompression of the liquid
phase was not sufficient to describe desorption in this region,
and the vaporization via surface clusters of vapor-filled pores
was taken into account. On the other hand, Parlar and Yortsos
(1989) showed that the deviations from a theoretical (perco-
lation) behavior could likewise be explained by nucleation. As
nucleation, vaporization from surface clusters and decompres-
sion of the liquid phase all yield almost linear desorption iso-
therms near the upper closure point; therefore, it is difficult
to separate the three effects. We have proposed to express
these “‘dispersion”’ effects in the whole hysteresis domain by
the following empirical expression, which is analogous to the
correction, Eq. 12, proposed by Mason for the maximum
amount adsorbed:
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ad=a-«xlIn (X¥/x) 20)

and assume a,,,,=a" for the whole hysteresis domain.

For the derivative of the primary desorption isotherm at the
onset of desorption (or near point U or before the percolation
threshold), we get:

(dap/dx) = (dap/dx) + k/Xx=«/x Q1)

Consequently, the theoretical condition (Eq. 19) can be re-
written for real experimental data as follows:

(ddy/dX),ew /X"
(day/dx) o (daly/dX)

22

The same correction procedure can be employed for the sec-
ondary desorption isotherms, and condition 18 can be rewrit-
ten:

(detsp/dx) s, .
g g (@)

(/) (/)

Equation 23 expresses the first condition which must be sat-
isfied for the jth secondary desorption isotherm starting from
point j on the boundary adsorption curve. The righthand side
of Eq. 23, E;, can be evaluated from experimental data.

The second condition immediately follows for the intersec-
tion of the primary adsorption curve and the secondary de-
sorption curve at point j (Figure 1):

ay=dsp for x=x; 24)

(In the remainder of this work, we will deal with only real
experimental data and the superscript 7 will be omitted.)

All methods cited above were originally developed for the
evaluation of connectivity and pore-size distribution functions
for porous materials. These methods require a significant
amount of accurate experimental data for primary adsorption
process and for both primary and secondary desorption proc-
esses. Secondary (scanning) adsorption curves can provide only
a test of the model, because they cannot be used in pore-size
distributions and connectivity evaluation. Calculation of the
secondary adsorption isotherms can be readily accomplished
by using Eq. 13.

Equations 14 and 15 are the basis from Mason’s theory for
calculating the secondary desorption isotherms. The use of
these equations, however, is rather complicated and requires
additional assumptions and empirical parameters. First, the
value of the connectivity, C, needs to be obtained by empirical
data fitting. Secondly, the partial pressure, P or x= P/P,, must
be related to the bond filling probability, p, through the bond
(window) size distribution function, f(r), Eq. 2. Here, Kelvin
equation, Eq. 1, is the additional equation which relates P to
r. The bond-size distribution remains an unknown function.
This function cannot be determined experimentally for any
real material with a random pore structure. One may assume
an f(r) function, such as Gaussian; then at least two more
empirical parameters are needed. A large amount of compu-
tation, as well as empiricism involved in using Eqs. 14 and 15,
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makes it impractical and undesirable for process simulation
such as that for fixed-bed adsorber processes.

The approach taken here is a phenomenological one. As
mentioned, all secondary desorption isotherms terminate at
the lower closure point, L. Also, based on all available ex-
perimental data as well as physical grounds, it is reasonable
to use the same mathematical function (isotherm) that is used
for the primary desorption curve to describe all secondary
desorption curves. The simple physical reason for this is that
both primary and secondary desorption curves undergo the
same pore emptying process, differing only in the starting
point. (Further experimental results in this work will show that
this approach is indeed a sound one.) Once the isotherm func-
tion is chosen, the isotherm parameters are fixed by fulfilling
the two constraints, Eqs. 23 and 24.

Since hysteresis is a phenomenon involving pore filling (or
capillary condensation), the isotherms based on pore-filling
theory (or potential theory) would be more meaningful for
describing the scanning curves. The numerous isotherms based
on potential theory (Yang, 1987) are especially useful for ad-
sorption on microporous materials and can describe the ad-
sorption of vapors on porous adsorbents over a wide range of
pressures up to saturation (Kapoor et al., 1989). Among them,
the Dubinin-Astakhov (DA) equation,

A\
BE) , (25)

and the simpler Dubinin-Radushkevich (DR) equation, for
which n, =2, are the most common. V is the volume of pores
filled at relative pressure x, V, is the limiting pore volume,
A=RT In (1/x) which is the adsorption potential or differen-
tial molar work of adsorption, § is the affinity or similarity
coefficient which depends on the adsorptive, and E, is a char-
acteristic energy which depends on the microporous structure
of the adsorbent. It has long been known that the characteristic
energy, E,, is related to the pore size, being greater for smaller
pore sizes (Stoeckli, 1977). The exponent 7 reflects the struc-
tural heterogeneity, being large for a narrow pore-size distri-
bution, and lies in the range 1-4. The adsorbed volume can
be converted to the amount adsorbed by assuming the adsorbed
phase as liquid. Then, Eq. 25 can be written for the primary
adsorption as:

4
a,=apy4 €Xp [ - (K,, In )1c> ] (26)

with n, =2 for the DR equation. Alternatively, the adsorption
data can be described using the Langmuir-Freundlich (LF)
equation, expressed in the form:

V=V, exp (—

K4
Ay=dpy T3 K. Ko 27N
which for n, =1 becomes the Langmuir (LA) equation.

The primary adsorption measurements of various authors
for water on regular density silica gels were correlated using
a two-site DR equation (Van den Bulck, 1990). The primary
adsorption data for grade 01 Davison silica gel were fitted with
a two-site LF expression (Jury and Edwards, 1971). The au-
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thors also showed that the adsorption process can be explained
in terms of Polanyi’s potential theory.

The hysteresis effects were first considered in modeling of
fixed-bed desorption in the study of Ritter and Yang (1991),
using only primary curves. For the primary desorption data
of Sing and Madeley (1954), the Langmuir-type correlation
was applied in the range x* <x<xY (Ritter and Yang, 1991):

Kp(x—xt)"p

ap=at+a,p T+ Ko(r—y

(28)

The above equation is referred to as Langmuir-Freundlich
isotherm, with n,=1 for Langmuir isotherm.
The corresponding DA equation is:

ap=a*+a,p exp [ (KD In 0 x")) D] 29)

with n,=2 for the DR expression.

For the jth secondary desorption curve starting from point
{x,,a,, } the following LF relationship corresponding to Eq.
28 may be used for the range x=x=sx;

asp=d"+a, IK’ (x= x> 30)

+K;(x—xt)"p

Similarly, the DA expression for the secondary desorption
isotherms is written as:

np
GSD=0L+amj €Xp [ (Kk In x xL)) ] €2)

In the isotherm equation for the secondary desorption, only
two parameters can be determined, because only two equations
(Eqs. 23 and 24) are available from the percolation theory
which the secondary desorption isotherm must satisfy. A num-
ber of two-parameter isotherms have been derived for multi-
layer adsorption for Type II isotherms, such as BET and
Frenkel-Halsey-Hill (FHH) isotherms (Gregg and Sing, 1982).
They may be used here; the FHH isotherm is particularly
attractive for its simple mathematical form. For the three-
parameter DA and LF equations, we choose to fix the expo-
nent, np, and vary the other two parameters for secondary
desorption curves starting from different points. In the DA
equation, the maximum amount adsorbed a,, expresses the
maximum micropore volume, and the parameter X; is corre-
lated through E, with the pore size. For secondary desorption
processes starting at different points j on the boundary ad-
sorption curve, the initial amount adsorbed and the size of the
pores to be emptied are different. From this point of view, the
assumption of different a,, and K; for various desorption iso-
therms seems to be theoretically acceptable. Alternatively, one
may assume the same limiting pore volume, a,,;, and vary K
and np. For the LF equation, Eq. 30, n, is fixed for the reason
that np has been related to the lateral interaction energy (Yang,
1987).

Based on the theoretical framework, the following is a sim-
ple, step-by-step procedure for predicting the secondary iso-
therms within the hysteresis loop from the primary isotherms:
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Step 1. Evaluate the isotherm parameters for the primary
adsorption process (a,,4, K4, n,) by nonlinear regression.

Step 2. Determine the positions of the two limiting (clo-
sure) points of the hysteresis loop, L and U (x*, xY).

Step 3. Evaluate the isotherm parameters for the primary
desorption process (@,,p, Kp, 1p) by nonlinear regression. (Steps
2 and 3 can be combined in the case of uncertain position for
point U, as will be described shortly.)

No other information is needed for a priori computation of
the secondary adsorption and desorption isotherms.

For secondary adsorption starting from point i, the isotherm
is evaluated by Eq. 13, which may be recast as:

U
asa=a" (“’,’,’ a"") + (“U a"") a, (32)
a’—ay; a’—ay;

For point i = {x;,ap;} the adsorbed amount a,; on the boundary
adsorption curve and the adsorbed amount a, for any point
x in the range x,<x<xY can be computed using the primary

adsorption isotherm, Eq. 26 or 27.
For secondary desorption starting from point j, two isotherm

parameters (for example, a,,;, K; in Eq. 30 or 31) are evaluated
from Eqs. 23 and 24.

Experimental Studies
Adsorbent

The silica gel used in the experiments was a standard com-
mercial desiccant, Davison Grade H Type, mesh size 28-200.
Adsorption data for nitrogen at the liquid N, temperature, 77
K, were obtained using a Carlo Erba Sorptomatic 1900 ap-
paratus. There was complete reversibility in the entire pressure
range. The specific surface area and pore volume were deter-
mined using BET isotherm to be 767 m?/g and 0.398 cm’/g,
respectively. The nitrogen adsorption (desorption) isotherm
was nearly identical with the data reported by Mikhail et al.
(1968) for microporous silica gel Davidson 03. Their specific
surface area and pore volume were 793 m*/g and 0.409 cm’/
g, respectively. They also evaluated the pore-volume distri-
bution using the extended de Boer method and obtained the
most frequent pore width to be about 0.9 nm and the maximum
pore width of about 1.6 nm, showing that the gel contained
only micropores. It may be noted, however, that the surface
area available to water, which may differ from that to N, at
77 K, is relevant to this work.

Adsorption apparatus

Equilibrium data were measured using a Mettler TA2000C
Thermoanalyzer (TGA). High-purity helium was used as the
inert carrier gas and for regeneration. The generation of water
vapor at the desired partial pressure was accomplished by bub-
bling He through a gas wash bottle and proportioning with a
diluent He (Baksh, 1991). A sampling port located at the en-
trance to the TGA provided a source for checking the com-
position using gas chromatography.

The TGA microbalance measured weight changes of the
adsorbent accurate up to 10~° g. The adsorptive entered through
the TGA inlet and flowed over the adsorbent before exiting.
Weight changes were continually recorded.
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Experimental procedure

The results of previous investigations (Lunde and Kester,
1975; Baker and Sing, 1976; Naono et al., 1980) showed that
on the dehydroxylated surfaces of silica gels, true physical
adsorption equilibrium was not obtained in the first adsorption
run because of slow chemisorption. The slow chemisorption
gives rise to low-pressure hysteresis in the water vapor iso-
therm. The dehydroxylated silica can be adequately rehydrox-
ylated by water vapor at high relative pressures.

The sample of silica gel was activated by purging with high-
purity helium for 2 hours at 200°C. The weight of the sample
after activation was 54.02 mg.

The first adsorption run was made at 25°C up to saturation
relative pressure, P/P,=1. After the adsorbent had been ex-
posed to water vapor at saturation pressure for 6 hours, the
first desorption run was carried out by passing pure helium
over the sample. After the first desorption, the gel retained
3.32 mg of water, which was not removable after 5 hours of
purging. This amount of chemisorbed water remained unal-
tered in subsequent adsorption and desorptions. The weight
of the rehydroxylated sample (57.34 mg) was taken as the basis
for sorption data evaluation.

Successive adsorptions and desorptions were conducted at
25°C by changing the composition of the adsorptive and al-
lowing adequate time to establish equilibrium. It was important
to ensure that each point on the isotherms was measured under
equilibrium conditions. To achieve this, the time required for
some points was as long as 26 hours, particularly for the de-
sorption measurements near the threshold leading to the steep
desorption region.

The hysteresis loop obtained for the system was scanned by
starting from various points on the primary (boundary) ad-
sorption curve and the primary (boundary) desorption curve,
thus generating a large set of secondary desorption and ad-
sorption curves. The complete equilibrium data set is given in
Table 1.

Results and Discussion

First, the assumption of the dominant role of capillary con-
densation in the hysteresis domain was tested by the procedure
suggested by Mason (1988). The contribution by surface ad-
sorption in the range of relative pressures x* <x<xV was es-
timated (using Eq. 32 in Mason, 1988). The amount of surface
adsorption increased only slightly, from ¢" = 0.174 g/g at x=x*
to 0.185 g/g at x=x". This result indicates that surface ad-
sorption is relatively constant, and capillary condensation plays
a dominating role in the hysteresis domain for the system of
water vapor-silica gel.

The experimental data in Table 1 exhibit well behaved and
reproducible hysteresis curves in the range of relative pressures
0.3-0.7. The position and shape of the observed hysteresis
loop of Type-H2 (IUPAC classification) are in good agreement
with the previous experiments for this system (Sing and Ma-
deley, 1954; Baker and Sing, 1976; Park and Knaebel, 1992).

The adsorption-desorption experimental data were analyzed
with Langmuir (LA), Langmuir-Freundlich (LF), Dubinin-As-
takhov (DA) and Dubinin-Radushkevich (DR) expressions.

The comparison of the fit of data by various models is based
on the sum of squares, SS:
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Table 1. Sequential, Equilibrium Adsorption-Desorption for Water Vapor on Silica Gel at 25°C

Point x a Point x a Point x a

1 0.000 0.000 41 0.293 0.151 81 0.489 0.269

2 0.101 0.067 42 0.341 0.193 82 0.440 0.263

3 0.155 0.091 43 0.390 0.206 83 0.401 0.233

4 0.240 0.126 4 0.434 0.235 84 0.350 0.211

5 0.310 0.170 45 0.505 0.268 85 0.313 0.180

6 0.365 0.209 46 0.543 0.285 86 0.238 0.107

7 0.435 0.240 47 0.610 0.302 87 0.000 0.001

8 0.501 0.265 48 0.589 0.299 88 0.235 0.130

9 0.556 0.283 49 0.564 0.294 89 0.360 0.193
10 0.611 0.299 50 0.540 0.293 90 0.651 0.307
11 0.670 0.314 51 0.516 0.290 91 0.743 0.321
12 0.760 0.333 52 0.482 0.283 92 0.820 0.332
13 0.861 0.342 53 0.436 0.274 93 0.998 0.351
14 0.965 0.351 54 0.426 0.273 94 0.820 0.332
15 0.997 0.357 55 0.406 0.266 95 0.743 0.324
16 0.965 0.352 56 0.376 0.259 96 0.651 0.315
17 0.861 0.339 57 0.350 0.252 97 0.586 0.314
18 0.760 0.335 58 0.319 0.191 98 0.523 0.306
19 0.670 0.318 59 0.304 0.170 9 0.410 0.286
20 0.613 0.309 60 0.240 0.120 100 0.347 0.270
21 0.558 0.305 61 0.150 0.072 101 0.334 0.269
22 0.502 0.299 62 0.000 0.005 102 0.327 0.265
23 0.490 0.294 63 0.186 0.109 103 0.316 0.227
24 0.460 0.290 64 0.480 0.251 104 0.330 0.245
25 0.435 0.286 65 0.575 0.289 105 0.356 0.252
26 0.396 0.278 66 0.548 0.285 106 0.382 0.255
27 0.381 0.275 67 0.518 0.281 107 0.470 0.273
28 0.365 0.272 68 0.484 0.272 108 0.536 0.281
29 0.348 0.268 69 0.439 0.268 109 0.606 0.297
30 0.332 0.260 70 0.390 0.252 110 0.701 0.311
31 0.320 0.240 71 0.364 0.241 111 0.961 0.350
32 0.304 0.168 2 0.358 0.240 112 0.325 0.252
33 0.274 0.151 73 0.332 0.202 113 0.341 0.259
34 0.240 0.124 74 0.300 0.171 114 0.355 0.263
35 0.155 0.093 75 0.000 0.002 115 0.383 0.270
36 0.101 0.071 76 0.260 0.146 116 0.470 0.285
37 0.000 0.003 77 0.409 0.216 117 0.565 0.301
38 0.155 0.085 78 0.449 0.245 118 0.630 0.311
39 0.180 0.096 9 0.538 0.279 119 0.711 0.319
40 0.258 0.128 80 0.523 0.275 120 0.921 0.341

N , points have been discussed (Burgess et al., 1989, and the lit-
88= D 3 (0= 8es)] (33)  erature cited therein). For our experimental data, the location

Jj=1

where N is the number of data points, a., and a,, are the
calculated and experimental amounts adsorbed, respectively.
It has been suggested (Kinnlburgh, 1986) that various isotherms
with different number of parameters can be compared in terms
of the residual root mean square error (RRMSE) given by:

0.5
RRMSE = (—is—) (34)

N-M

where M is the number of parameters of the model.

First, the parameters a,,, K, and n, were determined for
the primary adsorption isotherm by nonlinear regression. The
results are given in Table 2.

In the second step, positions of both limiting (closure) points
of the hysteresis loop, L and U, were specified. The uncer-
tainties involved in determining the locations of the closure
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of the lower limiting point, L, can be well determined a priori
from primary and secondary desorption curves. The value of
the relative pressure x'=0.3 was taken for the subsequent
analysis.

Similar a priori determination of the upper limiting point
from experimental data is rather uncertain. The theoretical

Table 2. Sequential Regression Analysis of Primary
Adsorption Data

Isotherm s K, n, RRMSE x*
LA 0.777 0.945 1.0 1.406 % 1072 0.3* -
LF 0.454 3.957 1.565 0.919x 102 0.3"
DR 0.338 0.682 2.0° 1.309% 102 0.3"
DA 0.355 0.686 1.556 0.825% 1072 0.3*

LA =Langmuir; LF=_Langmuir-Freundlich; DR = Dubinin-Radushkevich;
DA = Dubinin-Astakhov; * = fixed value; RRMSE = residual root-mean-square
error

781



location corresponding to the upper limit of validity of the
Kelvin equation for capillary condensation is xV=0.95. For
our experimental system, however, the boundary adsorption
and boundary desorption curves coincide (within the limit of
experimental error) for relative pressures at x>0.7. Conse-
quently, it seemed reasonable to obtain the value for xV from
the intersection of the two primary isotherms.

In the third step, the parameters a,,p, Kp, and n, were de-
termined for the primary desorption isotherm with the lower
limiting point at x*=0.3. The results are given in Table 3.

The location of the upper limiting point, U, was subsequently
determined as the intersection of the primary adsorption and
primary desorption isotherms. A simple trial-and-error pro-
cedure was employed for this purpose. The results are also
given in Table 3. The values of « were calculated from exper-
imental data by using Eq. 21 at the upper closure point:

dapy  _x
dc) oy xY

These values are included in Table 3.

The results in Tables 2 and 3 show that the best agreement
with experimental data was obtained with the DA-type rela-
tions, Eqgs. 27 and 28, for primary adsorption and primary
desorption, respectively. Only slightly less agreement was ob-
tained with the LF-type expressions, Eqs. 26 and 29. The de-
scription for primary processes with the LA or DR relations
was less satisfactory, in particular for primary adsorption at
relative pressure x> 0.7, where the relative error exceeded 8%.
Figure 2 shows the comparison between experimental data and
the LF and DA equation fittings using the parameters in Tables
2 and 3.

One may predict the primary desorption isotherm from the
primary adsorption isotherm using Mason’s pore blocking the-
ory, if the positions of points L and U and the value of con-
nectivity are known. The following is a simplified procedure
carried out assuming that surface adsorption is unimportant,
and only capillary condensation counts for the amount ad-
sorbed. Since the connectivity, C, is not known, it remains a
fitting parameter to be determined by matching the experi-
mental desorption data. From Mason’s theory, Eqgs. 9 and 10,
however, the primary desorption (Sp) is calculated as a function
of bond probability (p). One needs to relate p with partial
pressure, x. Here, we relate p with x through the primary
adsorption isotherm (a,) as follows:

(2la)

c_ _aA"aL
p=q9=_g—1 3%

and a,, is related to x through the primary adsorption isotherm,
Eq. 26 or 27. Equation 35 follows directly from Eqs. 6 and 7.
By using this procedure, one can calculate a set of S,(x) from
any given value of v, using Egs. 9, 10, 35 and 26 (or 27).
Equation 20 is the additional equation for determining the
value of «.

Figure 3 shows the results for the primary desorption cal-
culated based on Mason’s theory with adjustable parameters
C=2.61 and x=0.062 obtained by nonlinear regression. The
theoretical result for =0 is also shown here. These results are
compared with curve fitting using the LF isotherm, Eq. 30,
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Table 3. Sequential Regression Analysis of Primary Desorption

Data
Isotherm  a,p Kp np RRMSE xY «*
LA 0.142 46.76 1.0" 0.728x107% 0.690 0.012
LF 0.204 3.795 0.475 0.641x10°% 0.700 0.035
DR 0.144 0.213 2.0" 0.646x107% 0.643  0.025
DA 0.157 0.205 1.534 0.640x1072 0.683 0.034

*See Table 2 for notation; « was calculated separately (see text).

with parameters in Tables 2 and 3. Note the horizontal linearity
and sharp desorption threshold on the theoretical curve. For
the following analysis of the secondary processes, we will use
only the LF- and DA-type isotherms.

From the primary adsorption and desorption isotherms, the
secondary desorption isotherms were then predicted. Equation
23 may be expressed either by the LF or DA isotherms. Sub-
stituting Eqgs. 27 and 30 into Eq. 23, one gets:

a,,,,-K,-nD(xj—xL)"D"'(l +KA.X,IA)2 _
K n 1+ K (x— X))

E, 36)

where E; is the ratio of derivatives from Eq. 23. In Eq. 23,
the value of g; can be calculated from Eqs. 7 and 8 at point j
on the primary adsorption curve, and that for « it can be taken
from Eq. 21a.

Substituting Eqs. 27 and 30 into Eq. 24, we get for the
intersection of the primary adsorption curve and the secondary
desorption curve at point j= {x;,a,;} the second condition:

K ed+a Kj(x,—xL)"D

o e~ 37
Ima T K 0 ™ 14K, (x,— x%)™ 67

Combining Eqs. 36 and 37, the parameters of jth secondary
desorption curve, K; and a,,;, can be expressed explicitly by:

C
& 0.30
2
a
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m
& 0.25
o
n
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<
=
% 0.20
O
=
<
0.15 — :

0.40 0.55 0.70

RELATIVE PRESSURE

Figure 3. Primary adsorption and desorption data (from
Table 1).

Fitted by the LF isotherm ( ) and compared to the pore-
blocking theory of Mason with C=2.61 and «=0 (- - - -), and
C=2.61 and x=0.062 (+ « » ).
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AIChE Journal



0.30

0.25 |

0.20

AMOUNT ADSORBED (g/g)

/ 1 ‘ .

0.40 0.55 0.70

RELATIVE PRESSURE

Figure 4. Experimental data (symbols) of equilibrium
secondary desorption vs. proposed model
(curves) from primary adsorption-desorption
data using the LF isotherm.

% =A,-D,——-B,-C,» _D(+K,C)

. = 38
TTBG T RG ey

where

Aj=nA(xj—xL)"A_l(l+KAx}'A)2 Bj=EﬂmAKAnA4\7A_l

Ci=(x;—xh)" Dj=ay~-a*

Using the same procedure for the DA isotherms, we get the
following expressions:

0.30

025+

0.20

AMOUNT ADSORBED (g/g)

Table 4. Comparison of Data Fitting with DA and LF

Isotherms
Isotherm SS4 SSp SSsa SSsp S8
LF,, 41.34 6.98 7.36 29.11 84.79
seq 33.32 7.12 8.05 19.61 68.10
LF,, 47.14 8.36 9.93 15.35 80.78
sim 39.52 8.17 11.08 7.65 66.42

SS = sum of least squares muitiplied by 10°; 4 = primary adsorption; D= primary
SD=secondary desorption;

desorption;

SA =secondary adsorption;

1

0.15
0.25

0.40

0.55

0.70

RELATIVE PRESSURE

Figure 5. Same as in Figure 4, except for the DA iso-

therm.
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seq = sequential regression; sim = simultaneous regression

_ Aj 1/np _ Dj
I(j— <B j) amj"'exp[_ (chj)"A] (39)

where

1 ny-1
Aj=a,m K3 <ln ;) (x;~x")E; Bj=npCj°!

7,

1

Ci=In

The predictions of the secondary desorption isotherms are
compared with the experimental data points, as shown in Fig-
ures 4 and 5. Figure 4 shows predictions using the LF isotherm
for both primary and secondary processes, while Figure 5 shows
those based on the DA isotherm. Fair agreement is seen for
both predictions, although the DA-based procedure shows a
slight advantage (see also Table 4). The average relative error
for prediction of the secondary desorption curves using the
proposed model with the DA isotherm was 2.9%, averaged
over all data points.

Experimental data for the secondary adsorption isotherms
are shown in Figures 6 and 7 and compared with theoretical
predictions. Prediction of the secondary adsorption isotherms

OzZ7A
= 030} oL
~ o-"'//
d LY a
a & s
D 025F faN
% -
@ I«
<
. 0.20
S
@]
=
<4
0.15 - - -
0.25 0.40 0.55 0.70

RELATIVE PRESSURE

Figure 6. Experimental data on secondary adsorption
(symbols) vs. theoretical predictions using the
LF isotherm (curves).
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Figure 7. Same as in Figure 6, except for the DA iso-
therm.

is quite straightforward; Eq. 32 can be used in conjunction
with the primary adsorption isotherm, Eq. 26 or 27, to calculate
as, directly, starting from point i on the secondary desorption
curve. Figures 6 and 7 differ only in the isotherm used for the
primary adsorption: the LF isotherm is used for Figure 6 and
DA for Figure 7. The average relative error for prediction of
the secondary adsorption curves using the DA isotherm was
1.8%, averaged over all data points.

When experimental data on primary adsorption, and pri-
mary and secondary desorption are available, the model for
secondary desorption proposed here can be used to evaluate
all parameters a,.4, K., 14, @up, Kp, np, x* and xV simulta-
neously by nonlinear regression. The parameters obtained in
this manner are given in Table 5. These parameters may then
be used for predicting secondary adsorption as well as further
secondary desorption curves. The results for the simultaneous
regression based on the DA isotherm are shown in Figure 8.
The parameters obtained in this manner are better than those
obtained from only primary adsorption and primary desorp-
tion data. Table 5, statistical analysis based on the simulta-
neous regression, shows that the DA isotherm yields better
results.

Summary

Primary and secondary adsorption-desorption equilibrium
data of water vapor on silica gel were measured at 25°C. The
experimental results showed significant hysteresis loops in the
range of relative pressure P/P,=0.3 to 0.7.

For the evaluation of experimental data, a simple method
was proposed based on the network pore blocking theory of
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o
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=
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0.25 0.40 0.55 0.70
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Figure 8. Simultaneous regression analysis of primary
adsorption, and primary and secondary de-
sorption data, using the DA isotherm, to yield
parameters in Table 4.

adsorption hysteresis. The main assumptions of the proposed
method are:

¢ Capillary condensation phenomena controlled the sorp-
tion processes in the whole range of the hysteresis loop, and
the secondary issues of surface adsorption in this domain was
neglected.

¢ The empirical relationship ' =a' -« In (xY/x) was used
to represent decompression of the liquid phase and nucleation
or vaporization from surface clusters in the whole hysteresis
domain.

¢ The primary and secondary desorption curves could be
described by the same mathematical form of isotherms.

o The secondary desorption isotherms couid then be cal-
culated using the ratio of the slopes of the secondary desorption
and the primary adsorption at the onset of secondary desorp-
tion, being stipulated by the pore blocking theory.

A simple expression for this ratio was derived, which re-
quired neither connectivity nor size distribution functions. Only
parameters of the primary adsorption and the primary de-
sorption isotherms were needed for a priori computation of
the secondary curves.

The proposed method was applied to the experimental sorp-
tion data of water vapor on silica gel. A sequential evaluation
procedure was used to find the parameters of primary ad-
sorption and primary desorption isotherms and the position
of their intersections. The predicted secondary desorption and
adsorption isotherms agreed well with the experimental data.

Table 5. Simultaneous Regression Analysis of Primary Adsorption, Primary Desorption, and Secondary Desorption Data

Isotherm Qs K, ny Amp K, np xt xY «*
LF 0.455 3.947 1.579 0.160 9.096 0.554 0.313 0.679 0.022
DA 0.356 0.690 1.555 0.137 0.189 2.259 0.311 0.655 0.014

*« was calculated separately (see text).
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Notation
a = amount adsorbed, g/g
a, = parameter of isotherm
A = adsorption potential =RT In (P,/P)
C = connectivity
E, = characteristic energy
f(r) = bond (window) radius distribution function
g(r) = site (pore) radius distribution function
K = parameter of isotherm
n = parameter of isotherm
p = bond filling probability, Eq. 2
P = absolute pressure
P, = saturation pressure
g = site filling probability, Eq. 3
R = gas constant
RRMSE = residual root mean square error
r = bond (window) or site (pore) radius
S = fraction of pores filled, defined by Eq. 7
S8 = sum of least squares, Eq. 33
T = absolute temperature
u = probability that a bond is connected to the vapor during
secondary desorption
v = probability that a bond is connected to the vapor during
secondary adsorption
V = micropore volume
V, = molar volume of liquid adsorbate
YV, = total micropore volume
x = relative pressure, P/P,

Greek letters

B = affinity coefficient
x = empirical constant
= interfacial tension
Subscripts
A = primary adsorption
cal = calculated
D = primary desorption
exp = experimental
i = ith secondary adsorption
j = jth secondary adsorption
SA = secondary adsorption
SD = secondary desorption
Superscripts
L = lower limiting (closure) point
r = real
t = theoretical
U = upper limiting (closure) point
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